The pinning of flux lattices by weak impurity disorder is studied in the absence of free dislocations using both the gaussian variational method and, to O(ǫ = 4 − d), the functional renormalization group. We find universal logarithmic growth of displacements for 2 < d < 4: u(x) − u(0) 2 ∼ A d log |x| and persistence of algebraic quasi-long range translational order. When the two methods can be compared they agree within 10% on the value of A d . We compute the function describing the crossover between the "random manifold" regime and the logarithmic regime. This crossover should be observable in present decoration experiments.
It has been argued on the basis of various elastic models for vortex lattices, such as Larkin's model of independent random forces acting on each vortex, that arbitrarily weak disorder destroys translational order below four dimensions [3] . There is considerable disagreement, however, on the exact behaviour of the density-density correlation function C K (r) = ρ K (0)ρ K (r) even in the simpler case where dislocations are excluded. While direct extensions of Larkin's model predict exponential decay in d = 3 [4] , it has been pointed out that beyond the Larkin-Ovchinikov pinning length L c the lattice behaves collectively as an elastic manifold in a random potential with many metastable states, leading to a different power-law roughening of the lattice and to stretched exponential decay of C K (r) [5] [6] [7] . On the other hand, Flory-type arguments were proposed making explicit use of the periodicity of the lattice leading to logarithmic roughening [8] . The role of dislocations at weak disorder above two dimensions is presently unsettled, but Bitter decoration experiments [9] show remarkably large regions free of dislocations and provide a strong motivation for a better understanding of the elastic model. Other related pinned elastic systems such as charge density waves, magnetic bubbles, Wigner crystal, are under current active experimental study [10, 11] .
In this Letter we take into account both the existence of many metastable states and the periodicity of the lattice. We are primarily interested in the triangular Abrikosov lattice (d = 2 + 1). We also mention the case of d = 2 + 0 (point vortices in thin films) or d = 1 + 1 (lines in a plane). We show that in the absence of dislocations, the translational correlation function has a slow algebraic decay in dimension larger than two, and thus quasi-long range order persists. Two important length scales control the crossover towards this asymptotic decay. i) When the mean square of the relative displacementB(x) = At low enough temperature, l T is replaced by the superconducting coherence length ξ 0 (i.e.
the correlation length of the random potential [5] [6] [7] ). ii) For l
this is the random manifold regime where each line sees effectively an independent random potential. iii) For x > ξ, where ξ corresponds to a relative displacement of the order of the lattice spacing a,B(x = ξ) ∼ a 2 , the periodicity of the lattice becomes important.
We findB(x) ∼ A d log |x| where A d is a universal amplitude depending on dimension only and isotropy is recovered at large distances. This leads to quasi long range order
We have computed the full crossover function in d = 3 (Fig. 1) . It suggests that all the above regimes could be observed by analysis of the dislocation-free decoration samples.
These results are obtained using the Mezard-Parisi variational method [12] first applied in this context by Bouchaud, Mezard and Yedidia (BMY) [6, 7] . Our results are at variance with BMY, for reasons detailed below. In addition, we perform an ǫ = 4 − d expansion using the functional renormalization group. The amplitudes A d obtained by these two rather different methods agree at order ǫ within 10%. In d = 2, thermal fluctuations are important (l T = ∞) and the random manifold regime is much reduced. We find a modified Larkin regime with T-dependent exponentsB(x) ∼ |x| 2ν(T ) and a long distance logarithmic regime.
Details can be found in [13] .
We denote by R i the equilibrium position of the lines labeled by an integer i, in the x − y plane, and by u(R i , z) their in-plane displacements. z denotes the coordinate perpendicular to the planes. For weak disorder a/ξ ≪ 1 it is legitimate to assume that u(R i , z) is slowly varying on the scale of the lattice and to use a continuum elastic energy, as a function of the continuous variable u(x, z). Impurity disorder is modeled by a gaussian random potential
is a short range function of range ξ 0 and Fourier transform ∆ q . The total energy is:
where α, β denote in-plane coordinates and the density is ρ(x, z)
Although we have also performed the calculations directly on the Hamiltonian (1) [13] it is more enlightening to use the following decomposition of the density that keeps track of the discreteness of the lines. In the absence of dislocations, generalizing [14] , one intro-duces the slowly varying field φ(x, z) = x − u(φ(x, z), z). The density can be rewritten
, where
is the usual translational order parameter defined in terms of the reciprocal lattice vectors K, and ρ 0 is the average density.
Using the replica trick on (1) the disorder term gives
The above decomposition for the density leads to our starting model:
in the case of (1), where
To be rigorous (2) should be written in term of u(φ(x, z), z). This however has no effect on our results. It leads only to corrections of higher order in ∇u which we neglect since we work here in the elastic limit a/ξ ≪ 1 [13] . For clarity we present the calculation for the isotropic version of (2) One can get an idea of the effect of various terms in (2), by using arguments similar to [16] . Assuming that u varies of ∼ a over a length ξ, the density of kinetic energy is ∼ c(a/ξ)
2
. The long wavelength part of the disorder is
where K 0 is the first reciprocal lattice vector. There are thus two length scales
.
The q ∼ 0 component of the disorder is therefore relevant only for d ≤ 2 and the second term in (2) can be dropped for d > 2. Higher Fourier components V q∼K disorder the lattice below d = 4.
We now look for the best trial Gaussian Hamiltonian H 0 in replica space, of the form [12] :
Defining the self-energy G
ab (q) we obtain by minimization of the variational free energy F var = F 0 + H − H 0 H 0 the saddle point equations:
where n is the number of components of u.
The replica symmetric solution B a =b (x) = B(x), which mimics the distribution of displacements by a single Gaussian, is always unstable for 2 < d < 4. This is seen from the eigenvalue λ of the replicon mode [12] :
Introducing a small regularizing mass in G c : G c (q) −1 = cq 2 + µ 2 we find, when µ → 0, that for d < 2 the replica symmetric solution is always stable and disorder is irrelevant.
For d = 2 the condition becomes µ
) < 1 for small µ. Thus there is a transition at
between a stable high-T phase where disorder is irrelevant and a low-T glassy phase where the symmetric saddle point is unstable. For 2 < d < 4 it is always unstable and disorder is always relevant.
We now find a replica symmetry breaking solution for 2 < d < 4, the d = 2 case being discussed later. Following [12] we denoteG(q) = G aa (q) and parametrize G ab (q) by G(q, v) where 0 < v < 1, and similarly for B ab (x). The saddle point equations become:
Expression (4) and the algebraic rules for inversion of hierarchical matrices [12] give: To discuss the large distance behaviour x ≫ ξ it is enough to keep
since B(0, v) ≫ a 2 . In that case, taking the derivative of (7) with respect to v, using (8) one finds the effective self energy:
and v 0 = 2K 
. Thus for 2 < d < 4 we find logarithmic growth:
with
We now give the full crossover function for d = 3 for model (2) with ρ
The crossover length is ξ = a 4 c 2 /(2π 2 , where K = 2πP/a, the solution is, in parametric form:
with B(0, v) = a 2 z/(2π 2 ) and v ξ = 2π
f
For x ≪ ξ, B(0, v) is very small and h(z) ∼ 1/z n/2+2 and thereforeB(x) ∼ x 2ν with ν = 1/6
for n = 2. This corresponds to the random manifold regime [6, 7] . The crossover function 
depends on the direction of x and we find:
where b L,T have an expression similar to (14) with f replaced by
The crossover function is shown in Fig. 1 . We find that if ξ/a ≫ 1 all curves should scale when plotted in units of x/ξ. Such a crossover should be observable in decoration experiments. The ratio R =B T (x)/B L (x) crosses over at x = ξ from R = 4/3 towards R = 1 as isotropy is restored at large scale. 
for x < ξ ( in the low-T regime ξ is replaced by another length). Model (2) will probably apply in d = 2 + 0 at scales shorter than the distance between dislocations. It could also describe a polymerized membrane on a disordered substrate, with very high dislocation core energy.
A previous application of the variational method by BMY [6, 7] led to the conclusion which we believe is erroneous, that the fluctuations are enhanced at large distances. . Indeed for λ → 0 the amplitude they obtain vanishes. In fact one can simplify the the saddle point equations of [6, 7] by noting that the x dependence of B(x, u) in these equations is unimportant, up to higher order terms in ∇u. The resulting local model (2) is simple enough to allow for the exact solution (16) .
To complement the variational method we perform a functional renormalization group calculation on the isotropic model. To simplify we take u to be a scalar field (n = 1) and set c = 1. One defines the replicated Hamiltonian as:
The function ∆(z) is periodic of period 1 (2πK 0 = 1). The RG equations to order ǫ = 4 − d have been derived by D.S. Fisher [19] for the random manifold problem:
A factor S d has been absorbed into ∆. The periodicity of the function implies that the roughening exponent is ζ = 0. This allows to obtain the fixed point function ∆ * (z) in the interval [0, 1]: To conclude, we have shown that due to the periodicity of the lattice, the pinning by impurities becomes less effective at large length scales. This has consequences on the transport properties. In the flux creep regime energy barrier arguments [5] , and the exponents 
